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a b s t r a c t
A proper vertex coloring of a 2-connected plane graphG is a parity vertex coloring if for each
face f and each color c , the total number of vertices of color c incident with f is odd or zero.
The minimum number of colors used in such a coloring of G is denoted by χp(G).
In this paper we prove that χp(G) ≤ 12 for every 2-connected outerplane graph G. We
show that there is a 2-connected outerplane graphG such thatχp(G) = 10. If a 2-connected
outerplane graph G is bipartite, then χp(G) ≤ 8, moreover, this bound is best possible.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The famous four color problem has stated as an initial point of the development of different graph colorings, which
brought many problems and questions in this area. One of them formulated in 1969 by Ore and Plummer [6] is a cyclic
coloring. It is such a vertex coloring of a 2-connected plane graph G in which any two distinct vertices sharing a face receive
distinct colors. The problem is to determine the smallest number of colorsχc(G) in a cyclic coloring of G. In this case a crucial
parameter is a maximum face size of a graph G. It is clear that the maximum face size of a graph G is a natural lower bound
for χc(G).
The four color theorem states that the vertices of any planar graph can be colored with at most four colors such that any
two adjacent vertices receive distinct colors. Such a coloring is called a proper coloring.
Ergo, any plane graph has a proper coloring with at most 4 colors but the number of colors used in a cyclic coloring of G
cannot be bounded from above by a constant in general.
What is the situation when we consider a parity coloring which is a strengthening of a proper coloring and a relaxation
of a cyclic coloring? It is such a proper vertex coloring of a 2-connected plane graph G that for each face f and each color c ,
there is zero or an odd number of occurrences of vertices colored with c on a facial walk of f . Is there a constant K such that
any 2-connected plane graph G has a parity coloring with at most K colors or such a constant cannot exist?
Czap et al. [3] proved that every 2-connected plane graph admits a parity coloring using atmost 118 colors. Kaiser et al. [5]
improved this bound to 97. The generalization of the parity coloring for graphs and set systems can be found in [4].
Let χp(G) denote the minimum number of colors in any parity vertex coloring of a 2-connected plane graph G. The
assumption of 2-connectedness of G is crucial in the definition of χp(G); Czap and Jendroľ [2] mention a simple example
of a non-2-connected plane graph, namely two triangles sharing precisely one vertex, for which no parity vertex coloring
obviously exists.
In this paper we prove that χp(G) ≤ 12 for every 2-connected outerplane graph G. We show that there is a 2-connected
outerplane graph G such that χp(G) = 10. If a 2-connected outerplane graph G is bipartite, then χp(G) ≤ 8, moreover, this
bound is tight.
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2. Results
Our terminology and notation will be standard. The reader is referred to [1] for the undefined terms. We use V (G), E(G)
and F(G) to denote the vertex set, edge set and the face set of a graph G, respectively.
In this paper we consider simple 2-connected plane graphs, i.e. parallel edges and loops are not allowed.
A graph G is outerplanar if it has a planar embedding in which all the vertices are incident with the outer face. An
outerplanar graph equipped with such an embedding is called an outerplane graph. It is known that every outerplanar graph
contains a vertex of degree at most 2, hence, the chromatic number of outerplanar graphs is at most 3.
Theorem 2.1. Let G be an outerplanar graph. Then it has a proper vertex coloring with at most three colors.
An edge which joins two vertices of a cycle but is not itself an edge of the cycle is a chord of that cycle.
Observe, if a 2-connected outerplane graph has at least two inner faces, then it contains a chord.
Let G be a 2-connected outerplane graph and let ϕ be its proper vertex coloring which uses at most 3 colors, say 1, 2, 3.
Insert a vertex vf into each inner face f of G and color these new vertices with color 4. Join the vertex vf with all vertices
incident with f . In this way we obtain a new graph. Let Gi be a subgraph of this new graph induced by the vertices of color i
and 4 for i = 1, 2, 3.
Lemma 2.1. Let G be a 2-connected outerplane graph. Then Gi is a forest for i = 1, 2, 3.
Proof. Let G be a minimum counterexample. Clearly, it contains at least two inner faces, hence, at least one chord, say
e = uv. Cut the graph G along this edge. In this way we get two outerplane graphs K and L. The coloring ϕ of G induces a
coloring of K and L.
Observe, that we can get Gi from Ki and Li. If ϕ(u) ≠ i ≠ ϕ(v), then Gi is a disjoint union of Ki and Li. If ϕ(u) = i or
ϕ(v) = i, then we obtain Gi so that we join Ki and Li on a vertex u or v, respectively.
By our assumption, both Ki and Li are forests, therefore Gi is a forest too. 
Claim 2.1. Each forest is a bipartite graph.
Lemma 2.2. Let F be a forest and let ϕ be its proper 2-coloring with colors x and y. Then there is a recoloring of all the vertices
of color x which satisfies the following three conditions:
1. it uses at most four colors, say 1, 2, 3, 4,
2. for any vertex v of color y the number of vertices of color c ∈ {1, 2, 3, 4} incident with v is odd or zero,
3. the total number of vertices of color c ∈ {1, 2, 3, 4} is odd or zero in F .
Proof. Let F be a minimum counterexample. First, we prove several structural properties of F .
Claim 2.2. F contains at least 5 vertices of color x.
Otherwise we use different colors for the recoloring of the vertices of color x.
Claim 2.3. There is no leaf of color y in F .
Let v be a leaf of color y in F . Let F \ {v} be a forest obtained from F by deleting the vertex v. It has less vertices as F ,
hence, it has a required recoloring. This recoloring induces a recoloring of F .
Claim 2.4. There is no isolated vertex of color y in F .
We can use the similar argument as that in the proof of Claim 2.3.
Claim 2.5. F contains at most one isolated vertex.
Let u and v be isolated vertices (of color x). Let F \ {u, v} be a forest obtained from F by deleting the vertices u and v. It
has less vertices as F , hence, it has a required recoloring which uses at least one color, say c. We extend this recoloring of
F \ {u, v} to a recoloring of F so that we color the vertices u and v with color c.
Claim 2.6. There is no vertex of degree at least 3 incident with at least two leaves in F .
Let u and v be two leaves (of color x) incident with the same vertexw (of color y) in F . Let F \ {u, v} be a forest obtained
from F by deleting the vertices u and v. The graph F \ {u, v} has less vertices as F , hence, it is not a counterexample. If the
degree ofw in F \ {u, v} is at least one, then it is incident with a vertex of color c ∈ {1, 2, 3, 4}. In such a case we extend this
recoloring of F \ {u, v} to a recoloring of F so that we color the vertices u and v with color c.
Claim 2.7. At most one component of F is a path on 3 vertices.
Let F1 and F2 be two components of F which are paths on 3 vertices. Let F ′ be a forest obtained from F by removing
the components F1 and F2. From Claim 2.2, it follows that the recoloring of F ′ uses at least one color. If the recoloring of F ′
uses exactly one color, say c , then we color one leaf of F1 (resp. F2) with a new color and the second leaf with color c. If the
recoloring of F ′ uses at least two colors, say c1, c2, then we color the leaves of F1 (resp. F2) with colors c1, c2.
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Claim 2.8. In F there are no two vertices of degree two incident with exactly one leaf.
Let u and v be two vertices (of color y) incident with exactly one leaf (of color x) in F . Let F ′ be a forest obtained from F
by deleting the leaves incident with the vertices u, v. F ′ has less vertices as F , hence, it has a required recoloring. We can
extend this recoloring to a recoloring of F in the following way. If the recoloring of F ′ uses at most 2 colors, then we use two
new colors. If it uses at least 3 colors, then we color these leaves with a color which does not appear on the vertices incident
with u and v in F ′.
If one component of F is a path on 3 vertices or an isolated vertex, then we remove these components from F (see
Claims 2.5 and 2.7) and we get F ′, otherwise F ′ = F . Now each leaf is incident with a vertex of degree at least 3 (except
possibly for one, see Claim 2.8) and each vertex of degree at least 3 is incidentwith atmost one leaf (see Claim 2.6). Therefore−
v∈V (F ′)
deg(v) ≥ 2 · |V (F ′)| − 1.
On the other hand, F ′ is a forest, hence,−
v∈V (F ′)
deg(v) ≤ 2 · (|V (F ′)| − 1).
So we have
2 · |V (F ′)| − 2 ≥
−
v∈V (F ′)
deg(v) ≥ 2 · |V (F ′)| − 1,
which is a contradiction. 
Theorem 2.2. Let G be a 2-connected outerplane graph. Then χp(G) ≤ 12.
Proof. Color the vertices of G with at most 3 colors, say 1, 2, 3, such that adjacent vertices receive distinct color. Insert a
vertex vf into each inner face f of G and color these new vertices with color 4. Join the vertex vf with all vertices incident
with f . In this way we obtain a new graph. Let Gi be a subgraph of this new graph induced by the vertices of color i and 4
for i = 1, 2, 3. From Lemma 2.1, it follows that Gi is a forest for every i = 1, 2, 3. Lemma 2.2 implies that we can recolor the
vertices of Gi of color iwith at most four colors i1, i2, i3, i4 such that each vertex with color 4 is incident either with zero or
an odd number of vertices of color c , c ∈ {i1, i2, i3, i4} and each color c ∈ {i1, i2, i3, i4} is used either zero or an odd number
of times in Gi, for i = 1, 2, 3. Nowwe remove the added vertices vf , f ∈ F(G), and we obtain Gwith a required coloring. 
Note that there is a 2-connected outerplane graph G such that χp(G) = 10. It is sufficient to consider the graph depicted
in Fig. 1.
Fig. 1. An example of an outerplane graph with no parity vertex coloring using less than 10 colors.
Theorem 2.3. Let G be a bipartite 2-connected outerplane graph. Then χp(G) ≤ 8, moreover, the bound is sharp.
Proof. Since G is a bipartite 2-connected graph, it has a proper vertex coloring with 2 colors and we can use the same
argument as that in the proof of Theorem 2.2.
The fact that the bound is sharp is implied by the graph in Fig. 2. 
Fig. 2. An example of an outerplane graph with χp(G) = 8.
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